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Abstract. We give a direct differential-geometric proof of a result of Crainic on the cohomol-
ogy of pullbacks of Lie algebroids under surjective submersions: If the fibers are connected
and have vanishing cohomology through degree n, pullback with coefficients in any repre-
sentation is an isomorphism through degree n and is injective in degree n + 1. The proof
reduces to a vanishing result for leafwise cohomology and uses an exhaustion-and-patching
argument due to Buchdahl. No local triviality or finite-type assumption on the fibers is
required. We also prove the analogous result for holomorphic Lie algebroids.
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1 Introduction

Let π : M → N be a surjective submersion, and let A ⇒ N be a Lie algebroid with a represen-
tation on a vector bundle E → N . A theorem of Crainic [5, Theorem 2], used in his proof of
the van Est theorem for Lie groupoids, asserts that if the fibers of π are connected and have
vanishing cohomology in degrees 1, . . . , n, then the pullback map

π∗ : Hk(A,E) −→ Hk
(︁
π!A, π∗E

)︁
is an isomorphism for k ≤ n and is injective in degree n+ 1. As a special case, taking A to be
the zero Lie algebroid with representation on the trivial line bundle, the foliated (or leafwise)
de Rham cohomology Hk

π(M) vanishes in degrees 1 ≤ k ≤ n. His argument involves a sheaf-
theoretic acyclicity criterion of Bernstein and Lunts [1]. The criterion relies on substantial
machinery, and verifying its hypotheses for general smooth submersions is nontrivial.

The purpose of this note is to present a direct differential-geometric proof. The main ingredi-
ent is an exhaustion-and-patching argument due to Buchdahl [3], which we adapt to the present
setting. Our proof uses only standard tools from differential topology and de Rham theory, at
the level of Bott and Tu [2]. Besides making the argument self-contained, this approach displays
the main difficulties: a general surjective submersion need not be a locally trivial fibration, and
its fibers need not admit finite good covers.

We also prove the holomorphic counterpart of Crainic’s theorem: Suppose π : M → N is
a surjective holomorphic submersion, and A ⇒ N is a holomorphic Lie algebroid with a rep-
resentation on a holomorphic vector bundle E. If the fibers are connected and have vanishing
ordinary de Rham cohomology in degrees 1, . . . , n, then the pullback map in holomorphic Lie
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algebroid cohomology

π∗ : Hk
hol(A,E) −→ Hk

hol

(︁
π!A, π∗E

)︁
is an isomorphism for k ≤ n and is injective in degree n+1. The proof relies on the description
of holomorphic Lie algebroid cohomology in terms of complex Lie algebroids due to Laurent-
Gengoux, Stiénon, and Xu [10].

2 Pullback Lie algebroids

All manifolds considered in this note are paracompact and Hausdorff. Let A ⇒ N be a Lie
algebroid with anchor ϱ : A → TN . The Lie algebroid cohomology of A with coefficients in an
A-representation E → N is denoted H•(A,E). Given a smooth map f : M → N transverse to
the anchor, one defines the pullback Lie algebroid f !A ⇒ M (using standard notation as in [6,
Section 13.4]) as the fiber product

f !A = TM ×TN A,

with Lie algebroid structure as a subalgebroid of TM ×A. Projection to the second factor gives
a Lie algebroid morphism f !A → A. Given a representation of A on a vector bundle E → N ,
one obtains a representation of f !A on the (usual) pullback bundle f∗E.

In this note, we only consider the case that f is given by a surjective submersion

π : M → N.

In this case, transversality is automatic, and the Lie algebroid morphism π!A → A is fiberwise
surjective, with kernel TπM = ker(Tπ) the tangent bundle to the foliation defined by π. Sections
of ∧T ∗

πM are called foliated (or leafwise) differential forms; we use the notation dπ for the Lie
algebroid differential in order to avoid confusion with the de Rham differential.

Theorem 2.1 (Crainic [5]). Let A ⇒ N be a Lie algebroid, with a representation on a vector
bundle E → N . Suppose π : M → N is a surjective submersion with connected fibers, such that
the cohomology of the fibers vanishes in degrees 1 ≤ k ≤ n. Then the pullback map

π∗ : H•(A,E) → H•(π!A, π∗E)

is an isomorphism in degrees 0 ≤ k ≤ n, and is injective in degree n+ 1.

As a special case of Theorem 2.1, taking A = 0N to be the zero Lie algebroid with the trivial
representation on E = N × R, we have that π!A = TπM . The corresponding Lie algebroid
cohomology is identified with the leafwise (foliated) cohomology,

H•(TπM) = H•
π(M).

Consequently, we have the following.

Proposition 2.2. Let π : M → N be a surjective submersion with connected fibers, such that
the cohomology of the fibers vanishes in degrees 1 ≤ k ≤ n. Then the foliated cohomology H•

π(M)
vanishes in degrees 1 ≤ k ≤ n.

Remark 2.3. The corresponding statement is false for general foliations F : In particular,
H1

F (M) may be non-zero even if all leaves are simply connected. For example, let M = R2/Z2

be the 2-torus, and let

θ1, θ2 ∈ Ω1(M)
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be closed 1-forms pulling back to

dx, dy + µdx ∈ Ω1
(︁
R2

)︁
,

respectively, where µ ̸∈ Q. The Kronecker foliation F , given in terms of its tangent bundle by

TFM = ker θ2 ⊆ TM,

has all leaves diffeomorphic to R. Hence H1(L) = 0 for every leaf L. The restriction of θ1
to leaves is a foliated form α ∈ Ω1

F (M). Its class in H1
F (M) is non-zero: If α = dFf with

f ∈ C∞(M), then df − θ1 vanishes on TFM and hence is a function times θ2. But then∫︂
θ1 ∧ θ2 =

∫︂
(df) ∧ θ2 =

∫︂
d(fθ2) = 0,

which is a contradiction since θ1 ∧ θ2 is a volume form.

Remark 2.4. The vanishing result of Proposition 2.2 is also used by Sparano and Vitagliano [11]
in their work on Morita invariance of deformation cohomology of Lie algebroids.

Following [5], we will prove Proposition 2.2 as a first step towards Theorem 2.1. To highlight
the difficulty, let us point out that the proposition is greatly simplified when π is a locally trivial
fibration whose fibers admit finite good covers. Indeed, one can then reduce to the case of direct
products, and use the following fact:

Proposition 2.5 (products). Suppose M = Q × N is a product of two manifolds, where Q
admits a finite good cover, and let π : M → N be the projection to the second factor. Then

H•
π(M) = H•(Q)⊗ C∞(N).

Proof. We want to show that the inclusion

ι : Ω•(Q)⊗ C∞(N) → Ω•
π(Q×N)

induces an isomorphism in cohomology. If Q is smoothly contractible, this follows by the
Poincaré lemma on Q, treating the dependence on N as parameters. In the general case, pick
a finite good cover of Q, and apply the usual Mayer–Vietoris argument [2, Chapter I, §5]. ■

3 The Buchdahl argument

Throughout the following discussion, π : M → N denotes a surjective submersion.

Proposition 3.1 (Buchdahl [3]). Suppose that for some n ≥ 1,

Hn
(︁
π−1(x)

)︁
= 0, Hn−1

(︁
π−1(x)

)︁
= 0

for all x ∈ N . (For n = 1, replace this with the assumption that H1
(︁
π−1(x)

)︁
= 0 for all x ∈ N

and the fibers are connected.) Then

Hn
π (M) = 0.

We shall give a proof in Section 3.4 below, using a modified version of the argument in [3] and
elementary results from de Rham theory. Clearly, Proposition 2.2 follows from Proposition 3.1.
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3.1 Necessity of hypotheses

The condition that Hn−1
(︁
π−1(x)

)︁
= 0 cannot be omitted, as the following example shows.

Consider the submersion

π : M = R3 \ {(0, 0, 0)} → R, (x, y, z) ↦→ x.

Here

H2
(︁
π−1(x)

)︁
= 0, H1

(︁
π−1(x)

)︁
=

{︄
0 x ̸= 0,

R x = 0.

Any form α ∈ Ω2
π(M) is dπ-closed, for dimension reasons. Fiberwise integration of α over the

unit disk D(x) ⊆ π−1(x), for x ̸= 0, defines a smooth function fα ∈ C∞(R \ {0}),

fα(x) =

∫︂
D(x)

α.

If α = dπβ, we may use Stokes’ theorem to write

fα(x) =

∫︂
S(x)

β,

where S(x) ⊆ π−1(x) is the unit circle. But this integral is also defined for x = 0, which shows
that fα extends smoothly across x = 0. We have hence constructed a map

H2
π(M) → C∞(R \ {0})/C∞(R) (3.1)

to smooth functions on the punctured real line, modulo restrictions of functions on the real line.
This map is non-zero: for example, for the foliated 2-form

α =
dy ∧ dz

x2 + y2 + z2
∈ Ω2

π

(︁
R3 \ {0}

)︁
the function fα diverges at x = 0 and so does not extend.

Remark 3.2. Using a Mayer–Vietoris argument, one can show that (3.1) is an isomorphism.

3.2 Preparatory lemmas

Recall [2, Chapter I, §5] that a good cover of a manifold M is an open cover such that every
non-empty finite intersection of members of the cover is contractible. It is a standard fact [9,
Chapter I, §1, Corollary II] that every manifold M admits a countable good cover. A manifold
is of finite type if it admits a finite good cover. This then implies that the de Rham cohomology
of M is finite dimensional. Given a manifold M , not necessarily of finite type, there exists an
exhaustion by open subsets U1 ⊆ U2 ⊆ · · · with compact closures, such that⋃︂

a

Ua =M, Ua ⊆ Ua+1,

and each Ua is of finite type. (Just take a good open cover by open subsets with compact
closures, and take Ua to consist of suitable increasing finite unions of that cover.) Given such
an exhaustion, we have the following.

Lemma 3.3. Suppose Hk(M) = 0 for some k. Then there exists, for every a, some b > a such
that the map Hk(Ub) → Hk(Ua) is the zero map.
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Proof. Let H•
comp(M, oM ) be the cohomology with compact support, with values in the orienta-

tion bundle oM . Poincaré duality [9, Chapter V, §4, Theorem I] states that for every manifoldM
(not necessarily of finite type), the natural map

H•(M) →
(︁
HdimM−•

comp (M,oM )
)︁∗

is an isomorphism.
The statement of the lemma is hence equivalent to saying that if Hℓ

comp(M,oM ) = 0 for
some ℓ, then there exists, for every given a, some b > a such that the map Hℓ

comp(Ua, oM ) →
Hℓ

comp(Ub, oM ) is the zero map. Since Ua is of finite type, the cohomology group Hℓ
comp(Ua, oM )

is finite dimensional. We may therefore choose closed forms

α1, . . . , αr ∈ Ωℓ
comp(M,oM )

supported in Ua, such that their cohomology classes form a basis. Since Hℓ
comp(M, oM ) = 0,

these forms admit primitives

β1, . . . , βr ∈ Ωℓ−1
comp(M, oM ).

These primitives need not be supported in Ua, but we can choose b > a so that Ub contains
the support of these primitives. It then follows that αi|Ub

are exact. Hence Hℓ
comp(Ua, oM ) →

Hℓ
comp(Ub, oM ) is the zero map, and so is the dual map. ■

We shall need the analogous results for submersions π : M → N .

Lemma 3.4 (fiberwise good covers). Given a submersion π : M → N , we may choose a locally
finite cover of M by open sets, with compact closures, such that for every x ∈ N the resulting
cover of the fiber π−1(x) obtained by intersections is a good cover.

Proof. Recall that a subset W of a Riemannian manifold (Q, g) is geodesically convex if any
two points of W are joined by a unique length minimizing geodesic in Q, contained in W . The
intersection of geodesically convex subsets is again geodesically convex. It is a standard fact
that for every p ∈ Q, there exists ϵ > 0 such that the open ball Bϵ(p; g) is geodesically convex.
For ϵ sufficiently small, this property is stable under small perturbations of the metric g and of
the center p.

Choose a Euclidean inner product on TπM = ker(Tπ). This determines a family of Rieman-
nian metrics on the fibers of π, depending smoothly on the base point in N . Call an open subset
U ⊆M fiberwise geodesically convex if it has the property

U ∩ π−1(x) is geodesically convex for every x ∈ N. (∗)

Every point p ∈ M has arbitrarily small fiberwise geodesically convex neighborhoods with
compact closure. Indeed, choose a local section s : V0 → M through p. After shrinking to an
open neighborhood V with V ⊆ V0, and choosing ϵ > 0 sufficiently small, the fiberwise ϵ-balls
centered at s(x), for x ∈ V , are geodesically convex. If V is compact, then this union has
compact closure in M .

To construct a locally finite cover, we use a standard exhaustion argument (see, e.g., [8,
Exercise 4.4]). Choose a nested sequence of open subsets O1 ⊆ O2 ⊆ · · · of M , with compact
closures, such that⋃︂

a

Oa =M, Oa ⊆ Oa+1,

and put O0 = O−1 = ∅. For each a ≥ 1, choose a finite cover of the compact set

Oa \Oa−1,
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by fiberwise geodesically convex open sets, with compact closures contained in

Oa+1 \Oa−2.

The union of these finite collections is the desired cover of M . It is locally finite, since the open
sets Oa+1 \Oa−2 form a locally finite family. ■

Lemma 3.5 (fiberwise exhaustions). Let π : M → N be a submersion. Then there exists a nested
sequence of open subsets U1 ⊆ U2 ⊆ · · · of M , with compact closures, such that⋃︂

a

Ua =M, Ua ⊆ Ua+1,

and such that each π−1(x) ∩ Ua is of finite type for every x ∈ N .

Proof. As in the construction of the exhaustion preceding Lemma 3.3, we may build the Ua by
taking increasing finite unions of members of a fiberwise good cover. ■

Lemma 3.6 (product neighborhoods). Given x ∈ N and any open subset U ⊆M with compact
closure, there exists an open neighborhood V of x and an embedding

Φ:
(︁
U ∩ π−1(x)

)︁
× V →M

intertwining projection to the second factor with the map π.

Proof. Such a neighborhood may be constructed using Euler-like vector fields [4]. The map
π induces a map of normal bundles ν

(︁
M,π−1(x)

)︁
→ ν(N, {x}) = TxN , which is a fiberwise

isomorphism (since π is a submersion). One hence has a trivialization

ν(M,π−1(x)) ∼= π−1(x)× TxN.

Pick an Euler-like vector field on N with respect to {x}. It admits a lift to an Euler-like
vector field on M with respect to π−1(x). One obtains open neighborhoods OM ⊆ ν(M,π−1(x))
of π−1(x) and ON ⊆ ν(N, {x}) of {x}, with tubular neighborhood embeddings

ϕM : OM →M, ϕN : ON → N

which intertwine the submersion OM → ON (given by restriction of ν
(︁
M,π−1(x)

)︁
→ TxN) with

the given submersion π. The subset OM may be strictly smaller than π−1(x)× ON in general.
However, since U ∩ π−1(x) is compact, we may choose an open neighborhood V of x such that(︁
U ∩ π−1(x)

)︁
× ϕ−1

N (V ) ⊆ OM . The map Φ is obtained by restriction of ϕM ◦
(︁
id×ϕ−1

N

)︁
. ■

Lemma 3.7. Suppose Hk
(︁
π−1(x)

)︁
= 0 for all x ∈ N , for some k ≥ 1. Then, for any exhaustion

U1 ⊆ U2 ⊆ · · · as in Lemma 3.5, and every a, there exists b > a such that the restriction map

Hk
π(Ub) → Hk

π(Ua)

is zero.

Proof. Given x ∈ N , fix c > a+ 1 so that

Hk
(︁
Uc ∩ π−1(x)

)︁
→ Hk

(︁
Ua+1 ∩ π−1(x)

)︁
is the zero map. Choose a product open neighborhood Φ

(︁
(Uc ∩ π−1(x))× V

)︁
as in the previous

lemma. Shrinking V if necessary, the product neighborhood Φ
(︁(︁
Ua+1 ∩ π−1(x)

)︁
× V

)︁
contains
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Ua∩π−1(V ), and taking b sufficiently large the neighborhood Φ
(︁(︁
Uc∩π−1(x)

)︁
×V

)︁
is contained

in Ub. This gives inclusions

Ua ∩ π−1(V ) ↪→ Φ
(︁(︁
Ua+1 ∩ π−1(x)

)︁
× V

)︁
↪→ Φ

(︁(︁
Uc ∩ π−1(x)

)︁
× V

)︁
↪→ Ub ∩ π−1(V ).

The map

Hk
π

(︁
Φ
(︁(︁
Uc ∩ π−1(x)

)︁
× V

)︁)︁
→ Hk

π

(︁
Φ
(︁(︁
Ua+1 ∩ π−1(x)

)︁
× V

)︁)︁
induced by the middle inclusion is the zero map, since

Hk
π

(︁
Φ
(︁(︁
U ∩ π−1(x)

)︁
× V

)︁)︁
= Hk

(︁
U ∩ π−1(x)

)︁
⊗ C∞(V )

by Proposition 2.5. It follows that the map

Hk
π

(︁
Ub ∩ π−1(V )

)︁
→ Hk

π

(︁
Ua ∩ π−1(V )

)︁
is the zero map. The base manifold N may be covered by open subsets V of this sort. Since Ua

has compact closure, there is a finite collection {Vi} of such open subsets whose inverse images{︁
π−1(Vi)

}︁
cover Ua. Choose bi such that the maps

Hk
π

(︁
Ubi ∩ π

−1(Vi)
)︁
→ Hk

π

(︁
Ua ∩ π−1(Vi)

)︁
are all zero, and let b be their maximum. Given α ∈ Ωk

π(Ub) with dπα = 0, the restriction to
Ua ∩ π−1(Vi) admits a primitive βi. Choose χi ∈ C∞(N), supported in Vi, such that

∑︁
i χi = 1

on π
(︁
Ua

)︁
. Then

β =
∑︂
i

(π∗χi)βi

satisfies dπβ = α on Ua. ■

3.3 Lie algebroid cohomology and exhaustions

We first record a general observation about Lie algebroid cohomology via exhaustions. Suppose

U1 ⊆ U2 ⊆ · · ·

are open subsets of M , with compact closures, satisfying

Ua ⊆ Ua+1,
⋃︂
a

Ua =M.

Lemma 3.8. Let A⇒M be a Lie algebroid with a representation on a vector bundle E →M .
Suppose that for some n > 1, the restriction maps

Hk(A|Ua+1 , E|Ua+1) −→ Hk(A|Ua , E|Ua)

are zero for k = n− 1, n and all a = 1, 2, . . . . Then Hn(A,E) = 0.

Proof. For any open subset U ⊆M , write

Ck(U) = Γ
(︁
U,∧kA∗ ⊗ E

)︁
for the space of Lie algebroid cochains over U , with differential dA.
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Choose functions λa∈C∞(M) supported in Ua+1, with λa|Ua =1. To show that Hn(A,E)=0,
let α ∈ Cn(M) be a cocycle. For every a, the restriction of α to Ua+2 is exact. Choose

β′a ∈ Cn−1(Ua+2), dAβ
′
a = α|Ua+2 .

We shall modify these primitives inductively. Put β1 = β′1, and suppose that

βa ∈ Cn−1(Ua+2)

has been constructed. The difference β′a+1|Ua+2 − βa ∈ Cn−1(Ua+2) is closed, and becomes exact
after further restriction to Ua+1. Let

γa ∈ Cn−2(Ua+1)

be a primitive, so that

dAγa = β′a+1|Ua+1 − βa|Ua+1 .

Since λaγa has compact support in Ua+1, it extends by zero to Ua+3. Define

βa+1 = β′a+1 − dA(λaγa).

Then βa+1 agrees with βa on Ua, and is still a primitive of α|Ua+3 . Consequently, the restric-
tions βa|Ua patch together to define a global cochain β ∈ Cn−1(M) satisfying dAβ = α. ■

Remark 3.9. Note that the proof only uses cutoff functions and the gluing property of sections.
It therefore applies more generally to complexes of sheaves of vector spaces whose terms are
modules over smooth functions.

3.4 Proof of Proposition 3.1

Consider first the case n = 1, so that all fibers are connected and have vanishing first cohomology.
Choose an open cover {Vi} of N such that π admits sections

si : Vi → π−1(Vi) ⊆M,

and let {χi} be a partition of unity subordinate to this cover. Given a dπ-closed form α ∈ Ω1
π(M)

we obtain unique functions fi : π
−1(Vi) → R such that fi ◦si = 0 and the restriction of fi to each

fiber π−1(x), x ∈ Vi, is a primitive of the restriction of α. The function fi is smooth. (To see
this near a given point p ∈ π−1(x), choose a path in π−1(x) from p0 = si(x) to p. Subdivide the
path into finitely many segments joining successive points

p0, p1, . . . , pN = p,

each of which is contained in a submersion chart. It then follows inductively that fi is smooth
near p1, hence smooth near p2, and so on.) The function

f =
∑︂
i

(π∗χi)fi

satisfies dπf = α. This proves H1
π(M) = 0.

For the case n > 1, start with an exhaustion U1 ⊆ U2 ⊆ · · · as in Lemma 3.5. By Lemma 3.7,
after passing to a subsequence we may assume that the restriction maps

Hk
π(Ua+1) → Hk

π(Ua)

are zero for k = n − 1, n and a = 1, 2, . . . . The result now follows from Lemma 3.8, applied to
the Lie algebroid A = TπM with its trivial representation.
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3.5 Coefficients

As already mentioned, Proposition 2.2 is a direct consequence of Proposition 3.1. In fact, we
obtain a more general statement by considering coefficients. Let

E → N

be a given vector bundle. Then π∗E is fiberwise trivial, and has a canonical TπM -representation,
defining H•

π(M,π∗E).

Corollary 3.10. Under the assumptions of Proposition 2.2, let E → N be a vector bundle.
Then

Hk
π(M,π∗E) = 0, 1 ≤ k ≤ n,

and

H0
π(M,π∗E) = Γ(E).

Proof. The degree-zero statement follows from connectedness of the fibers: a smooth section
of π∗E that is constant along the fibers descends to a section of E. For the positive-degree
statement, choose an open cover of N over which E is trivial. The assertion holds over the
inverse image of each member of this cover by Proposition 3.1, applied componentwise. The
local primitives may be patched using a partition of unity on N . ■

4 The pullback theorem and its extensions

We now use the vanishing result from the previous section to prove Theorem 2.1. After choosing
a splitting of the pullback Lie algebroid, the proof is a standard zig-zag argument. We then
discuss some special cases and extensions.

4.1 Proof of Theorem 2.1

We assume that the fibers of π : M → N are connected and have vanishing cohomology in
degrees 1 ≤ k ≤ n. Let A ⇒ N be a Lie algebroid, and E → N a representation of A. The Lie
algebroid complex of A with coefficients in E is denoted

C•(A,E) = Γ(∧•A∗ ⊗ E)

with the Chevalley–Eilenberg differential dA. Similarly, we have the Lie algebroid complex of π!A
with coefficients in π∗E. The pullback map

π∗ : C•(A,E) → C•(︁π!A, π∗E)︁
is a cochain map. After choosing a splitting of the exact sequence of vector bundles

0 → TπM → π!A→ π∗A→ 0,

we have Ck
(︁
π!A, π∗E

)︁
=

⨁︁
p+q=k C

p,q with

Cp,q = Ωq
π(M,π∗(∧pA∗ ⊗ E)).

Using the Chevalley–Eilenberg formula for the Lie algebroid differential dπ!A and the decompo-
sition π!A = TπM ⊕ π∗A, we see that dπ!A is the sum of

dπ : Cp,q → Cp,q+1,
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and two other summands of bidegrees (1, 0) and (2,−1). By Corollary 3.10, the cohomology
of Cp,• vanishes in degrees 1 ≤ q ≤ n, and is given by Γ(∧pA∗ ⊗ E) for q = 0.

We now use the standard zig-zag argument: To show that the map

π∗ : Hk(A,E) → Hk
(︁
π!A, π∗E

)︁
(4.1)

is injective for k ≤ n+ 1, let α ∈ Ck(A,E) be a dA-cocycle such that π∗α is exact. We need to
show that α is exact. Write π∗α = dπ!Aβ for β ∈ Ck−1

(︁
π!A, π∗E

)︁
. It decomposes as

β = βq + · · ·+ β0

with βi ∈ Ck−1−i,i. Then dπβq = 0. If q > 0, it follows that βq = dπγ for some element
γ ∈ Ck−1−q,q−1. Replacing β with β − dπ!Aγ, we have arranged that βq = 0, but dπβq−1 = 0.
Proceeding in this manner, we eventually arrive at an element β ∈ Ck−1,0 with dπ!Aβ = π∗α.
This means in particular dπβ = 0, hence β = π∗γ for some γ ∈ Ck−1(A,E). It follows that

π∗dAγ = dπ!Aβ = π∗α,

hence dAγ = α. This shows α is exact, as required. Similarly, to see that the map (4.1) is
surjective for k ≤ n, let σ ∈ Ck

(︁
π!A, π∗E

)︁
be a cocycle representing a given cohomology class.

Write σ = σq + · · · + σ0 with σi ∈ Ck−i,i. Then dπσq = 0. If q > 0, it follows that σq = dπτ
for some τ ∈ Ck−q,q−1. Replacing σ with σ − dπ!Aτ , we have arranged σq = 0. Proceeding
in this manner, we see that the given cohomology class may be represented by an element σ
in Ck,0. Since dπσ = 0, this element is of the form σ = π∗α for some α ∈ Ck(A,E), with
π∗dAα = dπ!Aπ

∗α = dπ!Aσ = 0, hence dAα = 0. ■

4.2 Special cases and remarks

4.2.1 The case A = TN

We have already mentioned that for the zero Lie algebroid A = 0N , with E = N×R, Theorem 2.1
reduces to Proposition 2.2. Another noteworthy case is A = TN , so that π!A = TM . An
A-representation on a vector bundle E → N is the same as a flat connection on E, and H•(A,E)
is the de Rham cohomology with coefficients in the flat vector bundle E. Theorem 2.1 says that
if π : M → N has connected fibers with vanishing cohomology in degrees 1 ≤ k ≤ n, then the
pullback map

Hk(N,E) → Hk(M,π∗E)

is an isomorphism in degrees 0 ≤ k ≤ n, and is injective for k = n+ 1.

4.2.2 Complex Lie algebroids

Throughout our discussion, it was tacitly assumed that A is a real Lie algebroid. The argument
also applies to complex Lie algebroids (with anchor map taking values in the complexified tangent
bundle TCN), with representations on complex vector bundles E → N . Here the pullback π!A
is defined as the fiber product TCM ×TCN A, and comes with a Lie algebroid morphism to A
with kernel TC

π M . The statement and proof of Theorem 2.1 extend to this setting, keeping in
mind that C•(A,E) and C•(︁π!A, π∗E)︁

are now complex vector spaces.
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4.2.3 Non-Hausdorff bases

By our standing assumption, all manifolds in this note are Hausdorff. The conclusions of The-
orem 2.1 and Proposition 2.2 may fail without this assumption. For example, let

M = R2 \ {(0, 0)}

with the foliation given by connected components of the vertical lines. The leaf space N is
the real line with doubled origin, and is a standard example of a non-Hausdorff manifold. The
quotient map π : M → N is a surjective submersion, with contractible fibers. Nevertheless,
H1

π(M) ̸= 0. A non-trivial class is represented by α ∈ Ω1
π(M), given by restriction of the

angular form

ω =
xdy − ydx

x2 + y2
∈ Ω1(M)

to the leaves. Suppose α = dπg for a function g ∈ C∞(M). Then ω− dg vanishes on TπM , and
hence is of the form

ω − dg = ϕ(x, y)dx

for some function ϕ ∈ C∞(M). Let ψ(x) = ϕ(x, 1). Since ω is closed, ϕ must be independent
of y, and so ϕ(x, y) = ψ(x) for all y. (By continuity, this even holds true for the disconnected
line x = 0.) We find that ω = dg + ψ(x)dx is exact, contradicting the fact that ω represents
a generator of H1(M) = R.

4.3 The holomorphic setting

Let A ⇒ N be a holomorphic Lie algebroid, with a representation on a holomorphic vector
bundle E → N . Following [7, Section 6], one defines the holomorphic Lie algebroid cohomology

H•
hol(A,E)

as the hypercohomology of the complex of sheaves of holomorphic sections

O(∧•A∗ ⊗ E)

with the Chevalley–Eilenberg differential. It may alternatively be computed as the cohomology
of the total complex of the Dolbeault double complex

Ω0,s
(︁
N,∧rA∗ ⊗ E

)︁
,

with differentials dA and ∂̄, of bidegrees (1, 0) and (0, 1). Laurent-Gengoux, Stiénon, and Xu
[10, Theorem 4.8] showed that T 0,1N and A1,0 form a matched pair of complex Lie algebroids,
and hence combine into a complex Lie algebroid

ADol = T 0,1N ▷◁ A1,0

which we shall call the Dolbeault Lie algebroid. The two Lie algebroid actions defining this
matched pair are

∇va = ∂̄Av a, ∇av = pr0,1[ϱ(a), v],

for v ∈ Γ(T 0,1N) and a ∈ Γ(A1,0). Here ∂̄A is the Dolbeault operator of the holomorphic vector
bundle A, and ϱ is the complexified anchor.
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By [10, Lemma 4.16], the holomorphic vector bundle E carries a natural representation
of ADol,

∇Dol
(v,a)s = ∂̄Ev s+∇E

a s,

where ∇E denotes the given holomorphic A-representation, extended to smooth sections. Its
Chevalley–Eilenberg complex is naturally identified with the total Dolbeault complex above,
and [10, Theorem 4.19] asserts that

H•
hol(A,E) ∼= H•(ADol, E). (4.2)

We next consider the functoriality of this construction.

Lemma 4.1. Let f : M → N be a holomorphic map, transverse to the anchor of the holomorphic
Lie algebroid A⇒ N . Then there is a canonical isomorphism of complex Lie algebroids

f !(ADol) ∼=
(︁
f !A

)︁
Dol
,

compatible with the induced representations on f∗E. The following diagram commutes:

H•
hol(A,E)

f∗
//

∼=
��

H•
hol

(︁
f !A, f∗E

)︁
∼=
��

H•(ADol, E)
f∗

// H•((f !A)Dol, f
∗E).

Proof. Let

(v, (w, a)) ∈ f !(ADol) ⊆ TCM × f∗
(︁
T 0,1N ⊕A1,0

)︁
.

Thus TCf(v) = w+ϱ(a). Decomposing into holomorphic and anti-holomorphic parts, and using
that f is holomorphic, we have

w =
(︁
T 0,1f

)︁(︁
v0,1

)︁
,

(︁
T 1,0f

)︁(︁
v1,0

)︁
= ϱ(a).

Consequently, the map taking (v, (w, a)) to
(︁
v0,1,

(︁
v1,0, a

)︁)︁
defines an isomorphism of complex

vector bundles

f !(ADol) → T 0,1M ⊕
(︁
f !A

)︁1,0
=

(︁
f !A

)︁
Dol
.

The definitions of the Dolbeault Lie algebroid structures show that this is an isomorphism of
complex Lie algebroids. It also intertwines the induced representations on f∗E.

Under the identification of the Chevalley–Eilenberg complexes of the Dolbeault Lie algebroids
with the corresponding total Dolbeault complexes, the induced cochain maps are both given by
pullback. The diagram therefore commutes. ■

Specializing to the case of submersions, we arrive at the following result.

Theorem 4.2. Let π : M → N be a surjective holomorphic submersion with connected fibers
whose ordinary de Rham cohomology vanishes in degrees 1 ≤ k ≤ n. Let A ⇒ N be a holo-
morphic Lie algebroid, with a representation on a holomorphic vector bundle E → N . Then the
pullback map

π∗ : H•
hol(A,E) → H•

hol

(︁
π!A, π∗E

)︁
is an isomorphism in degrees 0 ≤ k ≤ n, and is injective in degree n+ 1.

Proof. Using the isomorphism (4.2), together with the functoriality statement from Lemma 4.1,
this is equivalent to the statement that π∗ : H•(ADol, E) → H•(︁π!(ADol), π

∗E
)︁
is an isomorphism

in degrees 0 ≤ k ≤ n and injective in degree n+ 1. But this is just Theorem 2.1 for the case of
complex Lie algebroids. ■
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